1. H. Lewy [4] has recently constructed a system of first order, linear partial differential equations with coefficients of class Cx having the property that it possesses no "solution" on any domain. By "solution" is meant a solution having uniformly Holder continuous partial derivatives.
Since the "Holder continuity" requirement on the partial derivatives is rather artificial, there arises the question as to whether or not there is such a system which possesses no C1 (or even no weak L2) solution on any domain. The object of this note is to answer this question in the affirmative. The desired system will be obtained by a modification of Lewy's example.
Lewy's system involves two (real) unknown functions (u1, u2) and three (real) independent variables (s, x, y). On putting u=ul+iu2, Lewy writes his example in the form (1) L
where L is the homogeneous, linear, first order, partial differential operator with analytic coefficients, (2) Liu) = -i«x + iuv) + 2t(a; + iy)ut. 2. It will first be shown that (7) -iVx + iVv)=fix,y).
Since/(x, y) is of class C, (7) has a C'-soIution given by
where w=p+iq and z = x+iy; Korn, Lichtenstein. Define the CMunction u = u(s, x, y) by (9) u = U(s, x, y) + Vix, y).
Since V does not depend on s, the left side of (7) is L(V). Thus the linearity of L, (6) and (7) show that L(u) =L(U)+L(V)=F; that is, (9) is a solution of (1).
The partial derivative us=U,=v is of class C1, hence uniformly Holder continuous.
By (1), u satisfies the partial differential equation
in which 5 is considered as a parameter.
As the right side of (10) is of class C1, standard
Korn type of estimates show that ux and uy satisfy a Holder condition (of any order <1) with respect to (x, y) which is uniform on R(d), 0<d<r; cf., e.g., [l] . By (5) 3. Assertion (I) will be improved as follows: (II) There exist functions G(s, x, y) of class C* for all (s, x, y) such that (3) has no strong L2-solution on any domain.
It follows from (II) and results of Friedrichs [2] that "strong" can be replaced by "weak" in this assertion.
By a strong L2-solution v=v(s, x, y) of (3) on a domain R will be meant a function v of class L2(R) for which there exists a sequence v1, v2, • ■ ■ of functions of class C1 satisfying For G=dFL/ds, one obtains |»B| ^Af, »n satisfies a Lipschitz condition with respect to s and v", vl satisfy Holder conditions of order X with respect to (x, y) that are uniform in n, and s, x, y. Finally, (1) with F=FL has a solution u = u(s, x, y) with uniformly Holder continuous partial derivatives us, uz, uu. This procedure also allows the improvement of L2 to Lv, p>l (but not p = l) in (II). 5 . The details of this procedure will not be given. Instead, it will be indicated how Lewy's arguments can be modified to obtain (II) directly. Let/(s) be a real-valued function of class C1 on some interval \s -c\ ^r and let In other words, the boundary values (in the sense of (22)) of the analytic function V(s, t), ior t = 0, are given by the real-valued continuous function -xf(s). Standard proofs (cf., [7, pp. 155-156] ) of the Schwarz reflection principle show that V(s, t) can be continued by reflection so as to be analytic for \s -c\ <r, \t\ <r. In particular, (16) has no strong L2-solution on (17) unless the (real-valued) f(s) = -V(s, 0)/7r is an analytic function of s for \s -c\ <r. This result corresponds to Lewy's theorem, [4, p. 155 ].
(It is not clear that the argument leading to this assertion permits the relaxation of L2 to Lp, p>l, even though the corresponding assertion follows from the procedure described in §4.)
6. The proof of (II) can now be obtained by Lewy's construction and arguments in [4, pp. 157-158] . It is only necessary to replace his class H^m by a class hm of functions u subject to !|m|U=w-For if u1, u2, • ■ ■ are functions of class L2 on a domain R such that ||w||b fkm, u = u" is a strong L2-solution of L(un)=Fn(s, x, y) on R and there exists an F(s, x, y) on R satisfying (23) ||F" -F||B-*0 as w-* °o, then (1) has a strong L2-solution on R. In fact, it can be supposed that u1, u2, • ■ ■ has a weak limit u in L2(R) and ||m||b^w. Then, by a theorem of Banach-Saks, ul, u2, • • • can be replaced by a subsequence, say w1, u2, ■ ■ ■ , such that vn -(ul + ■ ■ ■ +u")/n tends strongly to u in L2(R); cf. [6, pp. 80-81] . Since vn is a strong L2-solution of L(v") = (Fi + • • • +F")/n, it follows that L(vn) tends strongly to F. Hence, u is a strong Absolution of (1) J o
